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APPENDIX

CORRELATIONS BETWEEN SHERWOOD, Sh, AND
PECLET, Pe, NUMBERS FOR A SPHERE AND FOR A
TUBE SITUATED IN A GRANULAR BED

The Peclet number for a tube and for a sphere are defined
respectively as

drUs dU a,U
Per = To:—-g; Peg = 20 (A-1)
D D
Hence they may be related by
E V 8 + 4c1 + 3¢ dc?
Per = Pes— = Pe —_—— — (A2)
er sds S T E;

Introducing ¢; into Equation (A-2) one obtains

8 + 4c1 + 31 ]’/2
Per = Pe, [ —_— A-3
T s 5o (A-3)
The overall mass transfer rate may be expressed as
Kpd, D D
Q = KpAAc = — AAc = Sh— AAc (A-4)
de de

Here, d, is the equivalent diameter and A, the total transfer
area. Equation (A-4) for a sphere, becomes

D
Qs = Shs d— AsAc = ShsD{xds)Ac (A-5)
§
while for a tube it reads
D
Qr = Shr d_ ArAc = ShrD(#Lr)Ac (A-8)
T

A mass transfer balance is now performed on a volume of
the granular bed of dimensions (1 X 1 X h), where h =
c2dc. The number of pores, np, in such a volume is

np=Np-cgdc+1-1 (A-T)
whereas the number of spheres in the same volume is
de-1-1-(k—¢e)
ne = — — (A-8)
6
Using Equations (A-5 to A-8), the balance yields
Qr-np=Qs-ns (A-9)

and finally, after some algebraic manipulations, one obtains

l—e [8+401+3012]
10cs?

Sht = Shs (A-10)

€
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Entrance Region (Levéquelike) Mass Transfer Coefficients

in Packed Bed Reactors

Calculations for the high Peclet number, entrance region (Lév@quelike)
packed bed, mass transfer coefficient using a sinusoidal periodically con-
stricted tube model for the void structure of the bed are presented. An in-
verse cube root dependence of the mass transfer coeflicient on the bed depth
is predicted. This length dependence is anticipated only at very low Reyn-
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olds numbers. Calculations which assume a mixing region between succes-
sive periods are also presented. No bed length dependence is anticipated in

these coefficients.

The periodically constricted tube model for porous
media constitutes a useful model for mass transfer in two-
phase, packed-bed reactors. This model was developed by
Payatakes and co-workers (1973, 1977) to predict the
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permeability of a nonconsolidated packed bed. They en-
visioned the bed as cell structures made of segments of
parabolic periodically constricted tubes. A sinusoidal peri-
odically constricted tube (PCT) is used in this work to
model the void structure in a bed in order to predict
the mass transfer coefficient. The fluid is assumed to be
in the viscous flow regime, and the reactant conversion is
assumed to be controlled by mass transfer from the
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Figure 1. The woll of a PCT generated by rufz) = ra4 — A cos
(2nz). All lengths are dimensionless with respect to the period
length 1.

fluid to the particle surface. In previous communications,
we have presented calculations using this model for the
mass transfer coefficient in the high (Fedkiw and New-
man, 1977) and low (Fedkiw and Newman, 1978a)
Péclet number, deep-bed asymptotic limit. These limiting
values can be used in their appropriately defined ranges
(as suggested by Karabelas et al.,, 1971), or they can be
empirically combined to cover the intermediate Péclet
number range. This approach is similar to that taken by
Sgrensen and Stewart (1974) who, in their pioneering
work, solved the convective-diffusion equation in a simple
cubic packed bed of uniform sized spheres. In this note,
the high Péclet number, entrance region (Lévéquelike)
mass transfer coefficient calculations are presented, The
term entrance region is used here to designate that re-
gion where a concentration boundary layer has started
to grow along the wall of the packing or particles but
has not yet completely filled the flow passage.

A note similar to this was presented by Tardos et al.
(1976). They presented calculations for the mass trans-
fer coefficient under the stated restrictions using various
sphere-in-a-cell models for the void structure in the bed.
As will be seen, in the creeping flow regime these models
are inherently different from the conduit model which pre-
dicts a length dependent coefficient.

MATHEMATICAL FORMULATION

Figure 1 represents a segment of a sinusoidal PCT. The
bed is conceptualized as a matrix of these tubes. The
well-known straight conduit model results when the am-
plitude of the tube wall oscillation equals zero. The tube
parameters may be determined by the procedure sug-
gested by Payatakes et al. (1973).

The effective mass transfer coeflicient k,, is defined as

L~ exp (= aknL/v) (1)
Cr

where c¢p and ¢, are the reactant concentration far up-
stream and downstream of the reactor, respectively. Since
the axial dispersive flux becomes negligible compared to
the convective flux at high Péclet numbers, Equation (1)
can be generated by integrating the one-dimensional
model for the bed, wherein k,, is analogous to a first-order
rate constant, The distinction between this coefficient and
the film coefficient k; which appears as the first-order rate
constant in the one-dimensional model of the bed which
includes a dispersive flux should be pointed out. Only in
the high Péclet number limit do these two coefficients be-
come indistinguishable. [See Fedkiw and Newman
(1978b) for a more thorough discussion. ]

Consider a single PCT of length L. A mass balance for

the reactant across the tube (inlet to outlet) can be
written as

grler — c1] = rate of moles reacted at tube wall  (2)
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The bed is assumed to be homogeneous; thus the reactant
concentrations of Equation (2) are equal to those of Equa-
tion (1). The right side of Equation (2) can be calculated
by solving the appropriate form of the convective-diffu-
sion equation. We shall demonstrate shortly how this cal-
culation is carried out, but let us express the result of this
step in terms of an average Sherwood number for the tube

2’Ad
D()CF

<Sh> = <N,> (3)

In the high Péclet number limit, combining Equations
(1), (2), and (3), we get
knaL . <Sh> SAL

v =2’Ad<UAd>/Du ar%aq

(4)

The bed Sherwood number (a dimensionless mass transfer
coefficient) can be written by relating the superficial
velocity v to the average velocity in the tube <v4s>:

<Opag> = —t:— [ 1+ —;— (A/14)2 ] (3)
We then find
Shy = ek _ <Sh> ( 2 )2
aDq 4 araq
A ()

2rraal| 1+ % (a/r0)? ]

In order to caleulate the mass transfer coefficient from
Equation (6), a value for the average Sherwood number
(<Sh>) in a tube must be determined. This may be
found by applying a Lighthill (1950) transformation to the
convective-diffusion equation. The axial diffusive flux is
assumed to be negligible, and the velocity profile is taken
to be linear near the wall. The governing equation may
be found in Newman’s text (1973) and is

4
[ 9@0 J‘O TwdV fwdﬂddxd ]

™ or Ad 2/3

<Sh> =
3r(4/3) SALDe

(7)

The integral is carried out along the boundary-layer co-
ordinate x, measured along the surface of the tube. The
radius of the tube is r,4, and 84 is the normal derivative
of the velocity at the wall. This may be found by appro-
priate differentiation of the stream function solutions
found in Fedkiw and Newman (1977). In a dimensionless
form, this derivative is expressed as

NCP

nZoa(2Y aren[1- 3 a@am |
w k=1

on

(8)

Equation (7) may be inserted into Equation (6), and,
after some rearranging, this results in an expression for
the macroscopic quantity kn in terms of the measurable
parameters al, e, Pep, and the microscopic model pa-
rameters 74 and A/r4

ek 92/3 Qe 4/3

- 1278
aD 3r(4/3)41/3 1
¢ ( ) aTaq \/ 1 + E‘ (A/TA)Z
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Figure 2. Streamlines in o sinusoidal PCT with ra = 0.5, A/ra =

0.5.
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where

(10)

It has been assumed in deriving Equation (9) that L/l
is an integer.

RESULTS AND DISCUSSION

The bed Sherwood number may be calculated by evalu-
ating the integral I of Equation (10) by the use of Equa-
tion (8). In the course of the calculations, it was found
that dv,/8n became less than zero for certain ranges of
the tube parameters. This implies a separational flow
pattern. Separation in viscous flow has been reported in
the literature by Davis and O'Neil (1977), Moffat (1964),
and Ganatos et al. (1978), among others. The Lighthill
transformation is not valid when the shear rate becomes
negative.

In the worst case for which calculations are presented
(ra = Y%, A/ry = %), the surface area of the tube oc-
cluded by the separation zone is 44% of the total surface
area, Figure 2 presents the streamlines for this case. In
the spirit of numerical simplicity, the shear rate was set
identically equal to zero from the separation point to
z = % in evaluating the integral I, thus neglecting the
complications caused by the flow pattern. This will result
in an underestimate in k,. Those values of the tube
parameters for which separation was found are indi-
cated by the dashed line of Figures 3 and 4.

Figure 3 is a plot of the integral 1. Figure 4 is a plot
of the high Péclet number, entrance region Sherwood
number, Both figures use r, and A/ry as parameters.

As was found by Chow and Soda (1973), who solved
a regular perturbation problem for small values of r,, the
Sherwood number increases with amplitude. However,
for larger values of r4, this trend reverses itself. This
identical trend was found for the high Péclet number,
deep-bed asymptote.

Equation (9) predicts that the bed Sherwood number
decreases as L~1/3 for a mass transfer controlled reaction.
Sgrensen and Stewart (1974a) have also reached the
same conclusion. One cannot find conclusive evidence in
the literature to substantiate this prediction. Kato et al.
(1970) have correlated their data with a packing depth
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Figure 3. The integral / plotted as a function of the sinusoidal PCT
parameters.

factor. There are also indications of a length dependent
k. in the data of Wilson and Geankopolis {1966) and
of Alkire and Gracon (1975). For a given flow rate, in-
creasing the packing depth by a factor of 10 will result
in a decrease of kn by 54%. If we consider the nature
of experimental measurements of kyp, this difference can
easily be obscured by experimental error. Thus, an ex-
periment to ascertain if there is a packing depth effect
must be carefully designed.

Tardos et al. (1976) compared their calculations for
kn with the experimental correlation of Wilson and
Geankopolis (1966). This latter correlation was devel-
oped from data taken from beds with gL values ranging
from 8.4 to 27 with ¢ approximately 0.4. If an average
aL of 15 is assumed, the PCT model predicts the ratio
Sha/Pep!’3 to be in the range 0.214 to 0.304, while Tardos
et al. (1978) report a range of this ratio from 0.536 to
0.584 depending upon the cell model used. The Wilson
and Geankopolis correlation results in a value of 0.464.

0.9

o
@

Shg /1.017 (€Peg/aL )3
)
S

0.6

\,
0.5 | | | { A
[} 0.l 0.2 0.3 0.4 0.5

A/rA

Figure 4. Packed bed, entrance region mass transfer coefficient as @
function of the sinusoidal PCT parameters.
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It should be emphasized that the packing depth effect
is anticipated only at low Reynolds numbers. In creeping
flow, the Péclet number is the only physicochemical pa-
rameter controlling the mass transter rate. As the flow
rate increases, the Reynolds number also becomes a fac-
tor to consider. In the nonviscous flow region, mixing
eddies will become a dominant flow structure in the
interstices of the packing. Thus, any boundary layer that
might form on the surface of the particles is destroyed
by the eddies. In this case, the models of a sphere in a
cell become physically more appropriate. The conduit
model may also be applied here by redefining the length
scale over which the average tube Sherwood number is
calculated (for example, ! instead of L). Kataoka et al.
(1972) have carried out such an analysis using the
straight tube mode). With the aid of Figure 2, it is possi-
ble to carry out such an analysis for the sinusoidal PCT.

The fluid is now imagined to be well mixed before it
enters a period and remixed after it leaves a period. The
Lévéque solution can be applied in each period to cal-
culate the mass transfer coefficient. The length scale over
which the Lighthill transformation is applied is [ in this
case rather than L. Equation (9) still applies after the
appropriate substitution, The period length ! may be re-
lated to the particle diameter by

- [_é'(_if__‘)_]us g, (1)

as suggested by Payatakes et al. (1973, 1977). Substitut-
ing into Equation (10) and introducing the specific in-
terfacial area for d,,, one obtains

ki Q278 [ € ]1/3
aDo  3r(4/3)413 L [6(1 — ¢)]2/3

2¢ e 12/3 (

1
araa’\/ 1+ 5 (A/rs)?

For the reasonable values of 14 = 0.5 and A/ry, = 1/8,
Equation (12) predicts Shp/Peg'/? = 0.419.

1/3
)"
aDo
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NOTATION

A; = amplitude of PCT wall oscillation, cm

Ai(z) = axial dependent expansion function for stream
function

a = specific interfacial surface area, cm~1

¢r = reactant feed concentration, mole/cm3

. = reactant concentration at bed exit, mole/cm?

Do = reactant diffusivity, cm?/s

kn = effective mass transfer coefficient, Equation (1),
em/s

l = period length of PCT

L = depthof bed, cm

n = normal to tube wall, dimensionless

<N,> = average reactant flux on tube wall, mole/cm? s
gr = flow rate per tube, cm3/s

r4¢ = average radius of PCT, cm

SA; = surface area of PCT of length L

<Sh> = average Sherwood number in a PCT

Shg = packed bed Sherwood number, ekn/aD

vy = tangential wall velocity in a PCT
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v = superficial velocity in a packed bed, cm/s

€ = porosity

éx = radial dependent expansion function for stream
function

Subscript

d = dimensional quantity

LITERATURE CITED

Alkire, R., and B. Gracon, “Flow-Through Porous Electrodes,”
J. Electrochem. Soc., 12, 1594 (1975).

Chow, J., and K. Soda, “Heat and Mass Transfer in Laminar
Flow in Conducts with Constriction,” Trans, ASME J. Heat
Transfer, 352 (Aug., 1973).

Davis, H. M., and M. E. O’Neil, “The Development of Viscous
Wakes in a Stokes Flow when a Particle is Near a Large
Obstacle,” Chem. Eng. Sci., 32, 899 (1977).

Fedkiw, P., and ]. Newman, “Mass Transfer at High Péclet
Numbers for Creeping Flow in a Packed-Bed Reactor,”
AIChE ]., 23, 255 (1977).

Fedkiw, P., and J. Newman, “Numerical Calculations for the
Asymptotic, Diffusion Dominated Mass-Transfer Coefficient
in Packed Bed Reactors,” Chem. Eng. Sci., 33, 1043 (1978).

Fedkiw, P., and J. Newman, “Low Péclet Number Behavior
of the Transfer Rate in Packed Beds,” Chem. Eng. Sci., 33,
1043 (1978b).

Ganatos, P., R. Pfeffer, and S. Weinbaum, “A Numerical-Solu-
tion Technique for Three-Dimensional Stokes Flows, with
Application to the Motion of Strongly Interacting Spheres
in a Plane,” J. Fluid Mech., 84, 79 (1978).

Karabelas, A. J., T. H. Wegner, and T. H. Hanratty, “Use of
Asymptotic Relations to Correlate Mass Transfer Data in
Packed Beds,” Chem. Eng. Sci., 26, 1581 (1971).

Kataoka, T., H. Yoshida, and K. Vegama, “Mass Transfer in
Laminar Region between Liquid and Packing Material Sur-
face in the Packed Bed,” J. Chem. Eng. Japan, 5, 132
(1972).

Kato, K., H. Kubota, and C. Y. Wen, “Mass Transfer in Fixed
and Fluidized Beds,” Chem. Eng. Prog. Symposium Ser.,
66, 87 (1970).

Lighthill, M. J., “Contributions to the Theory of Heat-Transfer
Through a Laminar Boundary Layer,” Proc. Royal Soc.
London, A202, 359 (1950).

Moffatt, H. K., “Viccous and Resistive Eddies Near a Sharp
Comner,” J. Fluid Mech., 18 (1964),

Newman, J., Electrochemical Systems, p. 320, Prentice-Hall,
Englewood Cliffs, N.J. (1973).

Payatakes, A. C., C. Tien, and R. M. Turian, “A New Model
for Granular Porous Media: Part 1, Model Formulation,”
AIChE ], 19, 58 (1973).

Payatakes, A. C,, and M. A. Neira, “Model of the Constricted
Unit Cell Type for Isotropic Granular Porous Media,” ibid.,
23, 922 (1977).

Sgrensen, J. P., and W. E. Stewart, “Computation of Forced
Convection in Slow Flow Through Ducts and Packed Beds
—I Extensions of the Graetz Problem,” Chem. Eng. Sci.,
29, 811 (1974a).

Sgrensen, J. P., and W. E. Stewart, “Computation of Slow Flow
Through Ducts and Packed Beds—III Heat and Mass Trans-
fer in a Simple Cubic Array of Spheres,” ibid., 827 (1974b).

Tardos. G. I., C. Gutfinger, and N. Abuaf, “High Péclet Num-
ber Mass Transfer to a Sphere in a Fixed and Fluidized
Bed,” AIChE J., 22, 1147 (1976).

Wilson, E. J., and C. ]. Geankopolis, “Liquid Mass Transfer at
Very Low Reynolds Numbers in Packed Beds,” Ind. Eng.
Chem. Fundamentals, 5,9 (1966).

Manuscript received October 30, 1978; revision received April 3, and
accepted April 19, 1979.

AIChE Journal (Vol. 25, No. 6)





